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Quantum Work Relations and Response Theory in PT -Symmetric Quantum Systems
Bo-Bo Wei1
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In this work, we show that a universal quantum work relation for a quantum system driven arbitrarily far from
equilibrium extend to PT -symmetric quantum system with unbroken PT symmetry, which is a consequence
of microscopic reversibility. The quantum Jarzynski equality, linear response theory and Onsager reciprocal
relations for the PT -symmetric quantum system are recovered as special cases of the universal quantum work
relation in PT -symmetric quantum system. In the regime of broken PT symmetry, the universal quantum work
relation does not hold as the norm is not preserved during the dynamics.
PACS numbers: 05.30.-d, 05.70.Ln, 03.65.-w
I. INTRODUCTION
In 1997, Jarzynski [1] made a remarkable development by
discovering that a classical system prepared in the canonical
equilibrium state the work done on the classical system un-
der variation of an externally control parameter is connected
to the Helmholtz free energy differences between the initial
and the final equilibrium states for the control parameters.
The Jarzynski equality establishes connections between the
equilibrium free energy difference and the work in a non-
equilibrium process [2–8] and thus provide a novel method to
study thermodynamics in nanscale sytems by non-equilibrium
measurement [2–8]. Jarzynski equality was generalized to fi-
nite quantum mechanical systems [9–12] and has been veri-
fied experimentally in an ion trap system[13]. The finding of
the Jarzynski equality has generated extensive investigation of
fluctuation relations in non-equlibrium thermodynamics [14–
17].
Recently the Jarzynski equality and some fluctuation rela-
tions were generalized to thePT -symmetric quantum systems
[18–21]. The motivation of the present work is to investigate
whether the universal quantum work relation [22] which con-
nects non-equilibrium measurement in the forward process
and that in its the time reversed process survives in the PT
symmetric quantum systems? We found that this is indeed the
case for PT -symmetric quantum systems in the phase of un-
broken PT symmetry. On the other hand, for PT -symmetric
quantum systems which is in the phase of brokenPT symme-
try, the universal quantum work relation does not hold.
The rest of this paper is organized as follows: In Sec. II, we
briefly review the mathematical formalism of time-dependent
PT -symmetric quantum mechanics. In Sec. III, we define the
forward and the reversed processes of non-equilibrium ther-
modynamics for PT -symmetric quantum systems and then
derive the universal work relations for PT -symmetric quan-
tum systems. In Sec. IV, we summarize our findings.
II. FORMALISM OF PT -SYMMETRIC QUANTUM
SYSTEMS
In this section, we give a brief review on the central features
of PT -symmetric quantum mechanics. For non-Hermitian
Hamiltonian [23], i.e. H , H†, the left eigenvectors and
right eigenvectors are usually different and the Schro¨dinger
equation for them are respectively,
H|ψn〉 = En|ψn〉, (1)
〈φn|H = En〈φn|, (2)
where n is the quantum number that characterizes different
eigenstate and En is the eigenenergy of the corresponding
state |ψn〉 and we assume the eigenstates of H are discrete.
Note that the left eigenvector and the corresponding right
eigenvector share the same eigenenergy [23]. The eigenstates
of non-Hermitian Hamiltonian is not normalized as that of
Hermitian quantum mechanics while the left eigenvector and
the corresponding right eigenvector are normalized, namely
〈ψn|φm〉 = δmn and
∑
n |ψn〉〈φn| = 1. If a non-Hermitian Hamil-
tonian H has PT symmetry and also locates in the phase of
unbrokenPT symmetry, then there existsG such that [24–26]
H† = GHG−1, (3)
where G and G−1 are respectively [24–26]
G =
∑
n
|φn〉〈φn|, (4)
G−1 =
∑
n
|ψn〉〈ψn|. (5)
So for an arbitrary state |Φ〉 the normalization condition
should be written as [24–26]
〈Φ|G|Φ〉 = 1. (6)
With G operator, the completeness relation becomes [24–26]∑
m
|φm〉〈φm|G = 1. (7)
Nowwe consider the dynamics of a quantum state governed
by a time-dependent Hamiltonian H(t) with PT symmetry.
For PT -symmetric quantum systems, the time development
of a quantum state is governed by the Schro¨dinger equation
with modification in order to preserve unitarity [27]. The
modified Schro¨dinger equation is [27]
i∂t|ψ〉 = [H(t) +A(t)]|ψ〉. (8)
Here the time dependent gauge field, A(t) = −iG−1t ∂tGt, has
been introduced to guarantee unitarity of the quantum dynam-
ics in PT -symmetric systems in the phase of unbroken PT
2symmetry. Then the time evolution operator is given by
U0,t = T e
−i
∫ t
0
dt′[H(t′)+A(t′)], (9)
where T is the time ordering operator which comes from
the time-dependent Hamiltonian in the Schro¨dinger equation,
Equation (8). If the quantum system is in the unbroken PT -
symmetric phase, all the eigenvalues are real and the quantum
dynamics generated byU0,t is unitary. However, the time evo-
lution operatorU0,t is not unitary but satisfies the relation[21]
U
†
0,t
GtU0,t = G0. (10)
This is the corresponding unitarity condition in PT -
symmetric quantum mechanics.
To study thermodynamics for PT -symmetric systems,
some mathematical operations have to be changed to match
the theory of statistical mechanics. Firstly, the inner product
in the PT -symmetric quantum systems has to be modified to
be
〈φ1|φ2〉 → 〈φ1|G|φ2〉. (11)
Secondly, the trace operation has to be changed [23, 27]
TrG[O] =
∑
n
〈φn|GO|φn〉, (12)
where O is an arbitrary operator and {|φn〉} form a complete
basis in the Hilbert space of the PT -symmetric system. The
modified trace operation satisfies the cyclic property [20],
TrG[PQ] = TrG[QP]. (13)
Here P and Q are two arbitrary operators.
III. NON-EQUILIBRIUM QUANTUM
THERMODYNAMICS FOR PT -SYMMETRIC SYSTEMS
For a non-Hermitian Hamiltonian H with PT symmetry,
the quantum state generally presents two different phases.
One is the phase of unbroken PT symmetry in which all the
eigenvalues are real. The other is the phase of broken PT
symmetry in which the eigenvalues of the Hamiltonian have
real and imaginary parts. The universal critical behaviors in
non-Hermitian phase transitions have been recently studied
[28]. Thermodynamics in the complex plane of control pa-
rameters have been extensively investigated through the quan-
tum decoherence of a probe spin [29–35] and large derivation
statistics [36, 37].
We consider a finite quantum system with a PT symmetric
Hamiltonian H and we are interested in a non-equilibrium
process of the PT -symmetric system defined by a time-
dependent parameter λ(t) which is controlled by an external
agent. In the following, we consider a driving protocol for
which the HamiltonianH(t) ≡ H(λ(t)) is in the phase of un-
broken PT symmetry for all times so that the eigenvalues of
H(t) are all real and the quantum dynamics are unitary.
A. Forward Process for PT -symmetric Systems
Let us first define the forward non-equilibrium process in
a PT -symmetric quantum system under time-dependent driv-
ing. At initial time t = 0, we initialize the PT -symmetric
quantum system in the canonical equilibrium state with in-
verse temperature β = 1/T (kB = 1) at a fixed value of control
parameter λi, which is given by
ρF(0) = e
−βH(λi)/Z(β, λi), (14)
where Z(β, λi) = TrG[e
−βH(λi)] is the canonical partition func-
tion of the initial equilibrium state. Then we isolate the PT -
symmetric system and drive it by the HamiltonianH(λ(t)) for
a time interval τ, where the drving protocol λ(t), t ∈ [0, τ]
takes the parameter from λi at t = 0 to λ f at time τ. Hence the
quantum state at t due to the driving protocol is given by [21]
ρF (t) = U0,tρF (0)U
−1
0,t , (15)
whereU0,t ≡ T e
−i
∫ t
0
dt′[H(λ(t′))+A(t′)] with T being the time or-
dering operator. It is obvious that the non-equilibrium state
ρ(τ) is different from the equilibrium state at the final control
parameter, i.e. ρ f = e
−βH(λ f )/Z(β, λ f ).
In the above driving process, we do work on the system.
The work done on a quantum system is defined by two pro-
jective measurements [12, 16]. For simplicity of notation,
we assumeH(λ) satisfies eigenvalues equation,H(λ)|n(λ)〉 =
En(λ)|n(λ)〉 for any λ, where the quantum number n labels dif-
ferent eigenvectors. At t = 0, the first projective measurement
of H(λi) is performed and the result is En(λi) with the corre-
sponding probability,
pn(0) = TrG0
[
ρF (0)|n(λi)〉〈n(λi)|G0
]
,
= e−βEn(λi)/Z(β, λi). (16)
At the same time, the initial equilibrium state ρF (0) is pro-
jected into the corresponding eigen state |n(λi)〉 ofH(λi) with
eigenenergy En(λi). In the time interval, 0 < t < τ, the quan-
tum system is driven by the evolution operator U0,τ and then
the quantum state at time τ isU0,τ|n(λi)〉. Finally at time t = τ,
the second projectivemeasurement ofH(λ f ) is performed and
the outcome is Em(λ f ) with conditional probability,
pn→m = |〈m(λ f )|GτU0,τ|n(λi)〉|
2. (17)
In the two projective measurements of energy, the work done
on the system is W = Em(λF) − En(λi). While the probability
of obtainingW is equal to the probability of obtaining En(λi)
for the first measurement and followed by getting Em(λ f ) in
the second measurement, which is pn(0)pn→m. Thus the quan-
tum work distribution is [12, 16]
P(W) =
∑
m,n
pn(0)pn→mδ
(
W − Em(λ f ) + En(λi)
)
. (18)
The characteristic function of quantum work distribution,
which is the Fourier transformation of the quantum work dis-
tribution, is given by [12, 16]
G(u) =
∫ ∞
−∞
dWP(W)eiuW , (19)
= Z(β, λi)
−1TrG0[U0,τe
−(β+iu)H(0)U−10,τe
iuH(τ)]. (20)
3B. The Reversed Process for PT -symmetric Systems
Now we define the reversed process for PT -symmetric
quantum system. In the reversed process, we first initialize
the quantum system in the time reversal of the thermodynamic
equilibrium state at inverse temperature β = 1/T at control pa-
rameter λ f , which is
ρR(0) =
Θe−βH(λ f )Θ−1
Z(β, λ f )
, (21)
where Z(β, λ f ) = TrG[e
−βH(λ f )] is the canonical partition func-
tion. Then we drive the system in the reversed process for a
time interval τ by the Hamiltonian [38],
HR(t) = ΘH(τ − t)Θ
−1. (22)
The time evolution operator in the reversed process is
V0,τ = T e
−i
∫ τ
0
dt[Θ(H(τ−t)+A(τ−t))Θ−1]. (23)
So the time development of the density operator in the re-
versed process is
ρR(t) = V0,tρR(0)V
−1
0,t . (24)
Having defined the forward process and the time reversed pro-
cess for PT -symmetric quantum system, we are now ready to
establish the quantumwork relations forPT -symmetric quan-
tum system.
C. The Quantum Work Relations in PT -symmetric Systems
First, we establish a relation, which connects the time evo-
lution operator in the forward processU0,t and the time evolu-
tion operator in the time reversed processV0,t by the follow-
ing
Lemma: The time evolution operators in the forward process
and in its time reversed process for PT -symmetric quantum
system are related by
V0,t = ΘU0,τ−tU
−1
0,τΘ
−1, (25)
where t is an arbitrary time, 0 ≤ t ≤ τ.
Proof: First, we know that the quantum states ρF(τ) and
ρF (τ − t) in the forward process are related by
ρF (τ) = Uτ−t,τρF (τ − t)U
−1
τ−t,τ. (26)
If we do a time reversal operation on the final state of the for-
ward process ρF (τ), then we get ΘρF(τ)Θ
−1. Then we drive
this time reversed state by the evolution operator in the re-
versed process,V0,t, for a time duration t. According to time
reversal symmetry, the final evolved state should be the time
reversed state of ρF (τ − t), i.e. ΘρF(τ − t)Θ
−1. This gives us
ΘρF(τ − t)Θ
−1
= V0,tΘρF (τ)Θ
−1V−10,t . (27)
Making use of Equation (26), we get
ΘρF (τ − t)Θ
−1
= V0,tΘUτ−t,τρF (τ − t)U
−1
τ−t,τΘ
−1V−10,t .(28)
Thus we obtain
Θ = V0,tΘUτ−t,τ. (29)
This leads to,
V0,t = ΘU
−1
τ−t,τΘ
−1. (30)
Making use of the equality,Uτ−t,τU0,τ−t = U0,τ, we get
U−1τ−t,τ =U0,τ−tU
−1
0,τ. (31)
Combing Equations (30) and Equation (31), we obtain
V0,t = ΘU0,τ−tU
−1
0,τΘ
−1. (32)
Thus the Lemma is proved.
With this Lemma, we are now to prove the following
Theorem: Let us consider an arbitrary time-independent ob-
servable A with a definite parity under time reversalΘAΘ−1 =
ǫAA with ǫA = ±1. It satisfies the following functional rela-
tion: 〈
exp
(∫ τ
0
dtλ(t)AF (t)
)
e−βHF (τ)eβH(0)
〉
F
,
= e−β∆F
〈
exp
(∫ τ
0
ǫAAR(t)λ(τ − t)dt
)〉
R
, (33)
where λ(t) is an arbitrary function and F and R denote the
forward and reversed process for the PT symmetric quan-
tum systems defined in Sec. IIIA and Sec. IIIB respectively.
∆F = F(β, λ f )− F(β, λi) is the free energy difference between
the equilibrium states at the initial and final control parame-
ters.
Proof: Let us first consider the quantity AF (t), which is
Heisenberg representation of A and defined by
AF (t) = U
−1
0,t AU0,t. (34)
Making use of the Lemma, Equation (25), we get
AF(t) = U
−1
0,τΘ
−1V−10,τ−tΘAΘ
−1V0,τ−tΘU0,τ, (35)
= ǫAU
−1
0,τΘ
−1V−10,τ−tAV0,τ−tΘU0,τ, (36)
= ǫAU
−1
0,τΘ
−1AR(τ − t)ΘU0,τ. (37)
Integrating over time with an arbitrary function λ(t) and taking
the exponential on both sides of the above equation, we then
obtain,
exp
(∫ τ
0
dtλ(t)AF (t)
)
,
= U−10,τΘ
−1 exp
(∫ τ
0
ǫAAR(τ − t)λ(t)dt
)
ΘU0,τ, (38)
= U−10,τΘ
−1 exp
(∫ τ
0
ǫAAR(t)λ(τ − t)dt
)
ΘU0,τ. (39)
From Equation (38) to Equation (39), we just change variable
for integration. Now we are ready to prove the final equal-
ity for work relations and we start from the left side of the
4equation (33),
〈
exp
(∫ τ
0
dtλ(t)AF (t)
)
e−βHF(τ)eβH(0)
〉
F
,
= TrG
[
ρF(0)e
∫ τ
0
dtλ(t)AF (t)e−βHF(τ)eβH(0)
]
, (40)
= TrG
[
ρF(0)U
−1
0,τΘ
−1e
∫ τ
0
ǫAAR(t)λ(τ−t)dtΘU0,τe
−βHF(τ)eβH(0)
]
, (41)
= Z(β, λi)
−1TrG
[
e
∫ τ
0
ǫAAR(t)λ(τ−t)dtΘU0,τe
−βHF(τ)U−10,τΘ
−1
]
, (42)
= Z(β, λi)
−1TrG
[
e
∫ τ
0
ǫAAR(t)λ(τ−t)dtΘU0,τU
−1
0,τe
−βH(τ)U0,τU
−1
0,τΘ
−1
]
,
(43)
= Z(β, λi)
−1TrG
[
e
∫ τ
0
ǫAAR(t)λ(τ−t)dtΘe−βH(τ)Θ−1
]
, (44)
=
Z(β, λ f )
Z(β, λi)
Z(β, λ f )
−1TrG
[
e
∫ τ
0
ǫAAR(t)λ(τ−t)dtΘe−βH(τ)Θ−1
]
, (45)
=
Z(β, λ f )
Z(β, λi)
TrG
[
e
∫ τ
0
ǫAAR(t)λ(τ−t)dtρR(0)
]
, (46)
= e−β∆F
〈
exp
(∫ τ
0
ǫAAR(t)λ(τ − t)dt
)〉
R
. (47)
From Equation (40) to Equation (41), we have made use of
Equation (38) and (39). From Equation (41) to Equation (42),
we have taken advantage of cyclic property of trace opera-
tion, Equation (13), and the definition of the initial state in the
forward process, Equation (14). From Equation (42) to (43),
we have made use of the Heisenberg representation ofHF(τ).
From (45) to (46), we have made use of Equation (21). The
last step comes from the definition of the expectation value in
the reversed process. Thus the Theorem is proved. Now we
show that some well known results can be recovered from the
theorem proved above:
1. Quantum Jarzynski equality for the PT -symmetric
quantum systems can be recovered from the quantum
work relation for the PT -symmetric quantum systems:
If we take λ(t) = 0, we then get an equality
〈
e−βHF (τ)eβH(0)
〉
F
= e−β∆F . (48)
The left hand side can be understood as work measurement in
the forward process because,〈
e−βHF (τ)eβH(0)
〉
F
= TrG
[
ρ(0)e−βHF(τ)eβH(0)
]
, (49)
=
∑
n
〈n(λi)|G0
[
ρ(0)U−10,τe
−βH(τ)U0,τe
βH(0)
]
|n(λi)〉, (50)
=
∑
n,m
〈n(λi)|G0ρ(0)U
−1
0,τe
−βH(τ)|m(λ f )〉
×〈m(λ f )|GτU0,τe
βH(0)|n(λi)〉, (51)
=
∑
n,m
e−β(Em (λ f )−En(λi))〈n(λi)|G0ρ(0)G
−1
0 U
†
0,τ
Gτ|m(λ f )〉
×〈m(λ f )|GτU0,τ|n(λi)〉, (52)
=
∑
n,m
Z(0)−1e−β(Em(λ f )−En (λi))〈n(λi)|G0e
−βH(0)G−10 U
†
0,τ
Gτ|m(λ f )〉
×〈m(λ f )|GτU0,τ|n(λi)〉, (53)
=
∑
n,m
Z(0)−1e−β(Em(λ f )−En (λi))〈n(λi)|e
−βH(0)†U
†
0,τ
Gτ|m(λ f )〉
×〈m(λ f )|GτU0,τ|n(λi)〉, (54)
=
∑
n,m
pn(λi)e
−β(Em(λ f )−En (λi))〈n(λi)|U
†
0,τ
Gτ|m(λ f )〉
×〈m(λ f )|G fU0,τ|n(λi)〉, (55)
=
∑
n,m
pn(λi)e
−β(Em(λ f )−En (λi))
∣∣∣〈m(λ f )|GτU0,τ|n(λi)〉∣∣∣2 , (56)
=
∫
P(W)e−βWdW, (57)
= 〈e−βW〉 (58)
Thus we recovered the quantum Jarzynski equality for the
PT -symmetric quantum systems [6] from the general work
relation theorem we prove above.
2. Response theory in PT -symmetric quantum systems
from the quantum work relation for the PT -symmetric
quantum systems: Consider a perturbation of the form,
H(t) = H0 − η(t)B. (59)
Here η(t) = 0 for t ≤ 0, t ≥ T . The quantum observable
B is an arbitrary operator. To obtain the linear response of an
arbitrary observable A with respect to the perturbation−η(t)B,
we perform functional derivative in the proved theorem with
respect to λ(τ) around λ = 0 and we get〈
AF(τ)e
−βHF(τ)eβH(0)
〉
F
= ǫA 〈AR(0)〉R = ǫA 〈A〉R . (60)
Here ∆F = 0 because η(0) = η(τ) = 0. Because the reversed
process also begins at thermal equilibrium, the average on the
right hand side of Equation (60) is an equilibrium average un-
der time reversed Hamiltonian. However, according to time
reversal symmetry, we have
ǫA 〈A〉R = 〈A〉F . (61)
Note that this is true because the initial and final Hamiltonian
in the linear response theory are the same. We are now to
calculate the exponentials of the initial and final Hamiltonian.
In the Heisenberg representation, the total time derivative of
5the Hamiltonian equals to its partial derivative and thus we
have
e−βHF(τ) = e−β(H0+H1), (62)
with
H1 =
∫ τ
0
dt
(
∂H
∂t
)
F
, (63)
= −
∫ τ
0
dtη˙(t)BF(t), (64)
=
∫ τ
0
dtη(t)B˙F(t). (65)
In the last step above we have made use of the integral by
parts. To go further, we make use of an exponential operator
identity [39],
eβ(P+Q)e−βP = 1 +
∫ β
0
dueu(P+Q)Qe−uP. (66)
To first order in Q, we may neglect Q in the last exponential,
eu(P+Q). TakingP = −H0 andQ = −H1 and expanding to first
order in η, we obtain
e−βHF(τ)eβH0 ,
= 1 −
∫ τ
0
dtη(t)
∫ β
0
due−uH0 B˙(t)euH0 + o(η2), (67)
= 1 −
∫ τ
0
dtη(t)
∫ β
0
duB˙(t + iu) + o(η2). (68)
Here B(t) = eitH0Be−itH0 . Inserting Equation (68) into the left
hand side of Equation (60), we get
〈AF(τ)〉 = 〈A〉 +
∫ τ
0
dtη(τ − t)φAB(t) + o(η
2). (69)
Here the response function is defined as
φAB(t) =
∫ β
0
du〈B˙(−iu)A(t)〉. (70)
Equation (69) and Equation (70) are the expressions of linear
response theory in the PT -symmetric quantum system.
3. Onsager reciprocity relations for the conductivity from
the quantum work relation for the PT -symmetric quan-
tum systems: Consider an electronic system and the current
operator is
Jµ =
∑
j
q j x˙ j,µ, (71)
where q j is the charge of the j-th electron and x j,µ is the po-
sition of the j-th electron in the µ = x, y, z direction. If we
consider a perturbation of the form −η(t)
∑
j q jx j,ν, which is
nonzero only within the time interval 0 < t < τ and zero oth-
erwise. According to linear response theory, the response of
the current in the µ direction is
〈Jµ(τ)〉 = 〈Jµ(0)〉 +
∫ τ
0
dtη(τ − t)φµν(t) + o(η
2), (72)
where the response function is
φµν(t) =
∫ β
0
du〈Jν(−iu)Jµ(t)〉. (73)
If the unperturbed Hamiltonian is time reversal invariant, we
then have
φµν(t) =
∫ β
0
du〈Jν(−iu)Jµ(t)〉, (74)
= Z(0)−1
∫ β
0
duTrG
[
e−βH0Jν(−iu)Jµ(t)〉
]
, (75)
= Z(0)−1
∫ β
0
duTrG
[
e−βH˜0Jν(−iu)Jµ(−t)〉
]
, (76)
= Z(0)−1
∫ β
0
duTrG
[
e−βH˜0Jν(t)Jµ(iu)〉
]
, (77)
= Z(0)−1
∫ β
0
duTrG
[
e−βH˜0Jµ(−iu)Jν(t)〉
]
, (78)
= φνµ(t). (79)
From Equation (75) to Equation (76), we have made use of the
time reversal symmetry, where H˜0 is the time reversed Hamil-
tonian ofH0. From Equation (76) to Equation (77), we just re-
arrange the exponential factors. From Equation (77) to Equa-
tion (78), we have made use of the Kubo-Martin-Schwinger
formula [40–42]. The conductivity is the Fourier transform of
the response function, namely σµ,ν(ω) =
∫ ∞
0
dteiωtφµ,ν(t), thus
we have
σµ,ν(ω) = σν,µ(ω). (80)
We thus derived the Onsager reciprocal relations [43–45] for
the conductivity in PT -symmetry quantum systems.
Finally we make a brief remark on the case when the Hamil-
tonianH(t) is in the regime of broken PT symmetry. In this
regime, the eigenvalues have both real and imaginary parts
so that the quantum dynamics is non-unitary. Because our
derivations for the quantum work relations rely on the unitar-
ity of dynamics (see the Lemma), we may conclude that the
quantum work relation does not hold in the regime of broken
PT symmetry.
IV. CONCLUSIONS
We have demonstrated that a universal quantum work re-
lation for a system driven arbitrarily far from equilibrium
generalized to the PT -symmetric quantum systems which is
in the phase of unbroken PT symmetry. This relation is a
consequence of microscopic reversibility for non-equilibrium
thermodynamics. We have recovered the quantum Jarzyn-
ski equality, linear response theory and the Onsager recipro-
cal relations for the PT -symmetric quantum system as spe-
cial cases of the universal quantum work relation in PT -
symmetric quantum systems. In the regime of broken PT
symmetry, the universal quantum work relation does not hold
as the norm is not preserved during the dynamics.
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